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C H A R A C T E R I Z A T I O N  OF cii A N D  lp A M O N G  
B A N A C H  SPACES WITH SYMMETRIC BASIS 

BY 

Z. ALTSHULER' 

A B S T R A C T  

A Banach space X with symmetric basis { e.} is isomorphic to c,, or It, for some 
1 -< p < zc, if all symmetric basic sequences in X are equivalent to { e. }. and all 
symmetric basic sequences in [/ .]CX* are equivalent to {f,,} (where 
f.(e,) = 6..i). The result proved in the paper is actually stronger, in the sense 
that it does not involve all symmetric basic sequences, but only the so called 
sequences generated by one vector. 

A well  k n o w n  c h a r a c t e r i z a t i o n  of the  spaces  c,, and  l,,, due  to M. Z i p p i n  [5], is 

the  fo l lowing :  If a B a n a c h  space  X has a n o r m a l i z e d  basis  {e, } which  is 

e q u i v a l e n t  to eve ry  n o r m a l i z e d  b lock  bas ic  s e q u e n c e  with respec t  to itself, t hen  

X is i s o m o r p h i c  to co or  to lp for s o m e  1 _-< p < ~c. In the  case X has a s y m m e t r i c  

basis  {e ,}  it is n a t u r a l  to ask w h e t h e r  Z i p p i n ' s  t h e o r e m  still ho lds  w h e n  we 

w e a k e n  the  a s s u m p t i o n  so as to r equ i r e  on ly  that  all s y m m e t r i c  basic  s e q u e n c e s  

in X be e q u i v a l e n t  to {e, }. W e  do no t  k n o w  the  a n s w e r  to this ques t i on .  W e  

p rove  here  tha t  if a special  fami ly  of s y m m e t r i c  basic  s e q u e n c e s  in X is 

e q u i v a l e n t  to {e, } a n d  the  s a m e  holds  also in the  dua l  X *  of X, t hen  X is 

i s o m o r p h i c  to c,, o r  to s o m e  lp. T o  s ta te  prec ise ly  o u r  resul t  we n e e d  the  fo l lowing  

de f in i t ion .  

DEFINITION. Let  X be a B a n a c h  space wi th  a s y m m e t r i c  basis  { e, }. Let  N,, 

i = 1 , 2 , . . . ,  be  subse t s  of the  set of  n a t u r a l  n u m b e r s  N, so tha t  for eve ry  i, 

~r = ~ ,  N = U ~ : ,  N~ a n d  N~ n Nj -- • for all i # ] .  F or  any  0 / o ~  = sleaze, ~ X 

put  ul ")= [[o~ [[ 'Y,~ie~.j wh e re  N, = {i , . i}L,  for i = 1 , 2 , . . .  

*This is part of the author's Ph.D. Thesis prepared at the Hebrew University of Jerusalem under 
the supervision of Professor L. Tzafriri. I wish to thank Professor Tzafriri for his interest and advice. 
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The sequence {ul~}7_~ is called the basic sequence generated by a. Basic 

sequences generated by one vector have been introduced in [2], under the name 

of block basic sequences of type II. Clearly for any 0 ~ a E X, the basic sequence 

generated by a is symmetric. 

Using this definition we can state our theorem. 

THEOREM. Let X be a Banach space with a symmetric basis {e. }, and let {f, } 

be the biorthogonal functionals in X *. Then X is isomorphic either to co or to lp, for 

some 1 <= p < o~, if (and only if) all basic sequences generated by one vector in X 

are equivalent to {e, }, and all basic sequences generated by one vector in 

[f,] CX* are equivalent to {f, }. 

We remark that in general it is not enough to assume only that every basic 

sequence generated by one vector in X is equivalent to {e, }. Indeed, in the 

Lorentz sequence space d (a, 1) with a = { i -' }, every basic sequence generated 

by one vector is equivalent to the natural basis of the space [1, theor. 6], but 

d(a, 1) is not isomorphic to co or lp. 

Before passing to the proof of the theorem we introduce some further 

definitions. If { x, } and { y, } are bases of Banach spaces X and Y, respectively, 

we say that { x, } is K-dominated by { y, } (or equivalently, that { y, } K-dominates 

{x. }), if, whenever E.a .y ,  converges the series E.a,x.  also converges, and in 

addition ]] E,a.x.  [[ =< K ]] E.a ,y ,  H. We say that { x. } is dominated by { y. } if there 

exists a K > 0  such that {x.} is K-dominated by {y.}. If {x.} and {y,} 

K-dominate each other we say that {x, } and {y.} are K-equivalent. In the 

sequel, if {e.} is a basis of a Banach space X, and {f.} the biorthogonal 

functionals associated to {e. }, we put h(n)  = [IEL1 e, I[ and tz(n) = II ET=, f, II. We 
also use the notation {eT )} 1 _-< p < ~ (p = ~), for the natural basis of lp (co). For 

notions in general Banach space theory we follow the terminology of [4]. 

The main step of the proof of the theorem is contained in the following 

PROPOSITION. Let X be a Banach space with a symmetric basis { e, } such that 

for every 0 ~ a E X, the basic sequence generated by a is dominated by { e~ }. Then 

{f,}, the biorthogonal functionals, are dominated by {elP~}, where p - i =  

sup{t ;sup,  n' . tx(n) 1< oo} and /x (n )  = II. 

(In case the supremum is 0 we put p = ~c.) 

PROOF. We may assume without loss of generality that the symmetric basis 

constant is 1. First we show that there exists a K1 > 0 so that all basic sequences 

generated by one vector in X are K,-dominated by {e.}. For each 0 P  a -- 
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Y~,a,e, E X  define an opera to r  T~:X--~[u}  ~] by T./3 = ToY,,/3,e, =E,/3,u~~ 

Clearly To is well defined, l inear and bounded .  Moreove r  

T. ~_Z/ /3ie, = ~_~i /3iu ' '~' =JJ/311".Ha[[' ~ a , u , ~ ' l l  

<= 11 T~.. H" II a]l 1]]/3 II <= 11 T~ II ]]/311. 

Hence ,  by the uniform 

quently,  for  all 0 ~ a ~ X, 

space we prove next  that 

Kl -domina te  {f~ }. Indeed,  

0 = Y,0,f,~ 0 in [fn], and 

a = E,a,e~, /3 = E,/3~e, E X 

1 - rt and z~/3~ => 0 for all i, 

which satisfies vl~ ~ >= 

boundedness  principle K, = sup. II T. 1[ < ~. Conse-  

{ul ~ is Kl -domina ted  by {e, }. By passing to the dual 

all basic sequences genera ted  by one vector  in [~], 

let { vl ~ be the basic sequence  genera ted  by a vector  

let r=E~r~f,, I l r l l = l .  For  every  1 > 7 / > 0  choose 

such that [1 a II = [[/3 [[ = 1, 0 ( a )  _-> (1 - rl)[[ 0 II, ~'(/3) --> 

and consider  the basic sequence { ul ~} genera ted  by a 

(1- r / ) [ [O[[  if i = j ,  and vl~ if i ~ j .  Then  

this fact for 

__-> (1 - r / )2K,  I , 

i.e. the sequence  {vI~ Kl-dominates  {f~}. Us ing  

0 = / x ( k ) - ' . E ~ l ~ ,  z = / z ( n )  I ' E ~ , ~  we get 

(1) t z ( n k ) t z ( n ) ' l z ( k ) ' > = K ,  I n,k  = 1 , 2 , 3 , . . . .  

Ex tend  linearly p . (n)  to a function ~ ( x )  defined for every x ~ l ,  then 

p . ( x y ) # ( x ) - ' ~ ( y ) - '  => K - '  for  some K => K~ and for every  x, y _-> 1. For  any real 

number  t put f, (n)  = n'tz (n)  '. We claim that ei ther  sup, f, (n)  < ~ or inf, f, (n)  _-> 

K '. Indeed,  if sup,  f , ( n ) =  ~ we can find a sequence  n , - - ~  such that n _-< n, 

implies f, (n ) _-< f, (n~ ) for all i = 1 , 2 , . . . .  For  any m => ! choose an i such that 

m _-<n~ and notice that f , ( x y ) f , ( x ) l f , ( y ) I _ - < K  for all x ,y  =>1. Thus f,(n,)<= 
Kf , (n , /m) f , (m)<=Kf , (n~) f , (m)  and hence,  inf , , f , (m)_->K -1. It follows that 

n' tz(n)- '  ~ K ~ for  every  integer  n and for every  r > p- l ,  p being defined in the 

s ta tement  of our  proposi t ion.  By letting r ~ p- i  we obtain 

2 (2) tx(n)  = ~= ~ <=Kn '/p n = l , 2 , . . . .  

Notice that if p = 1 the assertion of the proposi t ion is trivially true, while for 

p = ~ ,  I x ( n ) ~ K ;  hence {~} is equivalent  to {e}~}, the natural  basis of co. 

There fo re  we can assume that 1 < p < oc. 
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To conclude the proof of the proposition we show that for every natural 

number/ ' ,  and every sequence of positive scalars {a, }~-,, 

(3) ,= ~ K ,  ~ , " )  . 

To prove (3) we need some additional notations. 

For any pair (/', n) of natural numbers, let Aj., be the set of all ordered j-tuples 

of integers (k l ,  k2 , ' "  ", ki) such that 0<= k, <= n for i = 1 ,2 , . . . , j ,  and E~_~ k~ = n. 

A rough estimate for the number ~(/', n), of elements in A~,,, is 

(4) 

For any r~"~=(m,.~,m2.~, �9 
- j p m  we put a ~ " ' = I I , ~  a , 

q~(/', n)_-< (n + l) ~. 

�9 .,m~.~)GAj.,,  k = 1,2 , . . . ,~p( j ,n)  and l_-<p<o~ 

and q~(r~"~) =n!(m, ,~!m2.~! ' . 'mj ,~!)~ ' ,  where 

a ~ , " - , a ,  are the coefficients appearing in (3). Let 0 / g ~ O =  Ei-~aJ,;  since 

{ v f  ~} K,-dominates {~} we have 

t~r 1) (g(l)) 
= i=l 

K, I r g " '  
i - I  I=1  

~ , , , r ,  ,~,~,/, = K, ilg,)ll-,llg,~,l[ = K ,  I r g " ' l l  ' ~= ,  �9 

where { O'kC2)t~'2~tk=, are disjoint sets of natural numbers such that ~.~2~ = 4j(rfi~2)), 
k = 1,2, �9 �9 ~(]',2), and g~2~ = w~.2~,.k=, a"~2' .2-,~L~'I, . ' ~  

Since the basic sequence generated by g(2~ K~-dominates {f~ }, we have 

i I i=l 

~(j.3)k_l E 3  fi = K ,  IIg,~,ll -, ~ ,  , ~ '  = g ,  llg,~,ll-,llg,3,11 

where { crk~3)/~O'3)Sk~ a,,."~ disjoint sets of natural numbers'such that ~.~3)= ~b (n5 (k3)) and 

g(3) __ y~0_,?) r aq,3, Eie~ ,3 ,  fi ' Combining with (5) we get [[ gel)[[3 ~ K~[[ g(3)[[. Continu- 

ing by induction, for every natural number n, we have [[g"~ll "-< _ Kr-~[[g~"~[[ 

where g~"~=E~o~"~a'~"'E~,,=' ~.~,f, and {o'~(")t~'")j~=~ are disjoint sets of natural 

numbers such that 6"~~ $(n~"~). By the triangle inequality and (2) we get 

[[g'"~[[<-KE'~~ '/". Using (4), Holder inequality and the 

multinomial formula we have 
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Consequently, 

[[g(")l] ~ K (qo(j, 11)) (t'-l)/p k=, ~ " ~ (  ffz(k")) 

<= K ( n  + 1) "/(p-')/p a ~  . 
\ i = 1  

1/p 

II g")ll ~ '""11 gr176 =< '""K""(,, + l y  r , , ;  , 
, =  

and, by passing to the limit as n ~ ~, we obtain 

) 1/p 

We are ready now to prove our theorem. 

PROOF OF THE THEOREM. Applying the previous Proposition for both { e. } and 

{f. } we conclude that {[. } is M,-dominated by {e~ ~} for some constant M, and 

for p 1 = sup {t; sup. n'/x (n) ~ < ac }, and {e. } is M=-dominated by {e ~} for some 

constant M= and for q 1= sup{ t ; sup ,  n 'A(n)-~< o0}. To complete the proof it 

suffices to show that p ~ + q-1 = 1. Since { e. } is a symmetric basis with constant 1 

we always have 

(6) a ( n ) / x ( n )  = n. 

Using (6) and (2) we get that 

M I I M 2 1 ~  n ' /P~(n)  ' n l / q A ( r t )  - '  = n,/p+l/q , 

which means that p Z+q ~ 1. On the other hand we show that for any 

t > l - p - '  we have sup, n ' h ( n ) - ' =  ~, which implies that 1 - p  ~ q ~. Indeed 

let t = 1 - p  ' +  e for some e >0 .  Using the fact that for any 3 > 0 there exists 

an A~ > 0  such that n ~/p 8p,(n)-l_-< A~, and (6), we deduce that 

n , h ( n ) - l =  n,+~ 1/ph(n) I ~  A~-J2" n "2. 

REMARKS 1) By the proof of the proposition it is clear that if all basic 

sequences generated by one vector in X are K-dominated by { e, }, and all basic 

sequences generated by one vector in [f,] are K-dominated by {f, }, then {e. } is 

K-equivalent to {eT ~} for some 1 _-< p =< ~. 

2) Another  characterization of co and l, was given by J. Lindenstrauss and L. 

Tzafriri [3]. They proved that a Banach space X with unconditional basis { e. } is 

isomorphic to either c,, or lp for some l_-<p <o% if and only if for every 
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pe rmu ta t i on  7r of the integers and for  every  block basis {yk } of {e.~,)} there  

exists a pro jec t ion  in X, whose range  is the subspace  genera ted  by { yk }. This 

t h e o r e m  is no longer  t rue  if we assume only that  every bounded  block basic 

sequence  {yk } of {e, } spans  a c o m p l e m e n t e d  subspace  in X [2, cor. 41]. Also,  in 

the case that  { e, } is a symmet r i c  basis, it is not enough  to assume that  every  

symmet r i c  block basic sequence  spans a c o m p l e m e n t e d  subspace  in X [2, cor. 

33]. On the o the r  hand,  by combining  the t h e o r e m  proved  here  and a result  of 

Casazza  and Lin [2, theor.  8] which states that  a basic sequence  { yk } gene ra t ed  

by one  vec tor  in a space with a symmet r i c  basis { e, } is equivalent  to { e, } if and 

only if [yk] is c o m p l e m e n t e d  in X, we get the following result: 

Let  X be a B a n a c h  space with a symmetr ic  basis. I f  every basic sequence 

generated by one vector in X spans a complemented  subspace o f  X ,  and the same  

holds in the dual, then X is isomorphic to Co or to lp, for some 1 <= p < oo. 
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